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a b s t r a c t
Steiner 3-wise balanced designs are constructed for parameters 3-(3n − 1, {4, 8}, 1), 3-
(qnm− qm, {q− 1, q, q+ 1}, 1), 3-(qnm− 2qm− 1, {qm− 3, qm− 2, qm− 1, qm, qm+ 1}, 1),
3-(qnm − 2qm, {qm − 3, qm − 2, qm − 1, qm, qm + 1}, 1), 3-(qnm − 2qm + 1, {qm − 3, qm −
2, qm−1, qm, qm+1}, 1), where q is a prime power and n ≥ 2, m ≥ 1 are integers. Further
designs are obtained from these.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction and results
Definition 1.1. Let V be a set of v points, 0 ≤ t < v an integer, and K a set of integers ki, such that t < ki < v. A t-wise
balanced designD = (V ,B) consists of a family of subsets, called blocks, of V , such that each size k of a block lies in K and
each t-element subset of V is contained in the same number λ of blocks. A t-wise balanced design with these parameters is
a t-(v, K , λ) design, shortly a tBD. If B has ai blocks of size ki for i = 1, . . . ,m = |K |, then {ka11 , . . . , kamm } is the block type
of the tBD. A t-(v, K , λ) design with K = {k}, is a t-(v, k, λ) design, shortly a t-design.
We, in this article, do not allow that different blocks consist of the same subset of the point set, without mentioning
it explicitely. These designs are simple designs. A t-(v, K , 1) design is called a Steiner system. Steiner systems are always
simple. There exist well known series of Steiner systems, called spherical geometries, with parameters 3-(qn + 1, q+ 1, 1)
where qmay be any prime power and n a positive integer.
An account of results on tBDs is contained in the Handbook of Combinatorial Designs [9]. We here provide several new
tBDs, in particular a 11-(24, {12, 13}, 12) tBD. Furthermore, we present several series of Steiner systems.
Theorem 1.1. For each integer n ≥ 3 there exists a 3-(3n−1, {4, 8}, 1) design admitting GL(n, 3) as a group of automorphisms.
For the proof see Section 2. Other series are obtained from formerly known ones by block truncations and insertions. We
present these technical results in Section 2 and then prove, at the end of that section, the following claims.
Corollary 1.2. Let q be a prime power such that q = 3n − 2 for some integer n. Then there exist 3-(qm + 1, {4, 8}, 1) tBDs for
all positive integers m.
For example, we obtain such series for q ∈ {25, 79, 241, 727, 19681, 31381059607, 450283905890997361,
36472996377170786401}.
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Corollary 1.3. Let q1, q2 be prime powers, q1 = qm2 , where m ≥ 2, and let n be an integer ≥ 2. Then there exist tBDs with the
following parameters.
3− (qn1 − q1, {q2 − 1, q2, q2 + 1}, 1)
and, for i = 0, 1, 2, also
3− (qn1 − 2q1 − 1+ i, {q2 − 3, q2 − 2, q2 − 1, q2, q2 + 1}, 1).
Theorem 1.4. Let q be a prime power and let n ≥ 2, m ≥ 1 be integers. Then there exist 3-wise balanced designs with
parameters
• 3-(qnm − qm, {q− 1, q, q+ 1}, 1),
• 3-(qnm − 2qm − 1, {qm − 3, qm − 2, qm − 1, qm, qm + 1}, 1),
• 3-(qnm − 2qm, {qm − 3, qm − 2, qm − 1, qm, qm + 1}, 1),
• 3-(qnm − 2qm + 1, {qm − 3, qm − 2, qm − 1, qm, qm + 1}, 1).
There are further cases that are less regular. So, suppose, q1+ 1 is of the form qn2− 1, qn2− q2− 1, qn2− q2, or qn2− q2− 1
where q1, q2 > 2 are powers of different primes. Then a small Steiner system may be inserted in a big Steiner system, see
Theorem 2.5. For example, 41 + 1 = 72 − 7 yields 3-(41m + 1, {6, 7, 8}, 1) tBDs, 80 = 79 + 1 = 92 − 1 yields
3-(79m + 1, {8, 9, 10}, 1) tBDs.
From small prime powers we obtain 3-(v, {5, . . . , 9}, 1) tBDs for v ∈ {25, 26, 41, 42, 47, 48, 49, 50, 54, 55, 56, 61, 62,
63, 64, 65, 85, 86}, and 3-(v, {5, . . . , 10}, 1) tBDs for v ∈ {25, 26, 41, 42, 47, 48, 49, 50, 54, 55, 56, 59, 60, 61, 62, 63, 64,
65, 69, 70, 71, 72, 78, 79, 80, 81, 82, 85, 86}.
We conclude, in Section 3, with two tables of results for small point sets.
2. Methods
There exists a family of 5-(2n, {6, 8}, 1) designs found byWilson with automorphism groups AGL(n, 2), see [9]. We show
that, similarly, there exists a series of 3-(3n − 1, {4, 8}, 1) designs.
The group GL(n, 3) acts on V (n, 3)\{0}. The 3-element subsets of V (n, 3)\{0} fall into two classes. The first class consists
of linearly independent vectors. The second class consists of the linearly dependent vectors.
Any 3 linearly independent vectors v1, v2, v3 have a sum v different from 0. So the set {v1, v2, v3, v4 = −v} is a unique
block containing {v1, v2, v3}. Every 3-element subset of such a block is linearly independent.
The other class of blocks consists of 8-element subsets. The blocks in this class are simply the 2-dimensional subspaces
of V (n, 3)without the zero-vector. Any linearly dependent set of three non-zero vectors spans just one such subspace, since
a one-dimensional subspace contains only two non-zero vectors. Therefore there is just one block of this class containing
a given linearly dependent set of three non-zero vectors. No set of 3 linearly independent vectors is contained in any block
from this class. We, thus, have proved Theorem 1.1.
An important tool for proving the remaining Theorems is based on intersection numbers. Recall that for a t-(v, k, λ)
design the number of blocks that contain a fixed subset I of size i and trivially intersect a second given subset J of size j only
depends on i and j if i+ j ≤ t . This intersection number λij can be computed recursively using λi,j = λi+1,j−1−λi,j−1, see [10].
In case of λ = 1 any two blocks intersect in at most t − 1 points. In that case, the formula even holds for i+ j ≤ k if I and J
are both chosen as subsets of one block of the design.
Definition 2.1. Let D = (V ,B) be a t-(v, k, λ) design. Let X ⊂ V and W = V \ X . Then the truncation of D by X is its
restriction toW , more exactly,
truncX (D) = D|W =
(
W ,
{
W ∩ B | ∃T ∈
(
W
t
)
with T ⊆ B ∈ B
})
.
Theorem 2.1. Let D = (V ,B) be a t-(v, k, λ) design and X ⊂ V and W = V \ X. If |X | ≤ t or λ = 1 and X a block
and for each T ∈
(
V
t
)
no block that contains T intersects W in only t points then D|W is a t-(v, K , λ) tBD of block type
{(k− i)ai | i = 0, . . . ,min(|X |, k− t − 1)}, where ai =
(
|X |
i
)
λi,|X |−i.
Proof. Any t-element subset T ofW is contained in λ blocks ofD . Such a block B intersectsW by the assumption in at least
t+1 points. So, the truncation B\X leaves a block of some size between t+1 and k. The blocks B that intersectW in exactly
j points are those that have exactly i = k − j points in common with X . So, the number of these blocks is obtained by the(
|X |
i
)
choices for B ∩ X times λi,j. 
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The condition that for each T ∈
(
V
t
)
no block that contains T intersects W in only t points is trivially fulfilled if
|X | < k− t .
The big Witt design with parameters 5-(24, 8, 1) may be truncated by 1 and 2 points to obtain 5-(23, {7, 8}, 1) and
5-(22, {6, 7, 8}, 1) tBD’s.
Denniston [1] constructed a design with parameters 5-(28, 7, 1). This design yields a 5-(27, {6, 7}, 1) tBD. It has 3510
blocks of size 7 and 1170 blocks of size 6.
Theorem 2.2 (Block Truncation). Let D = (V ,B) be a t-(v, K , λ) tBD and s < k − t for each k ∈ K . If there exists a B ∈ B
such that for all B′ ∈ B different from B
|B ∩ B′| ≤ s,
for a fixed positive integer s, then
(V \ B, truncB(B))
is a t-(v − |B|, K ′, λ) tBD where K ′ = {k− s+ i | k ∈ K , i = 0, . . . , s}.
Proof. We truncate D by B. This truncation means to reduce the point set by the points in B. So, there remain v − |B|
points, forming a set W . Any other block intersects B in at most s points. If T is any t-element subset of W then T is
contained in exactly λ blocks of B. Of course, B does not contain T . The truncation removes at most s points from each
of these blocks. Such a block may be reduced by i points where i = 0, 1, . . . , s. Since, by assumption, s < k − t for each
k ∈ K , also t < k − s such that each block containing T intersects W in more than t points. So, the truncation yields
a tBD. 
The blocks of the big Witt design intersect in only 0, 2, or 4 points. So, truncating the big Witt design by a block we
obtain a 5-(16, {6, 8}, 1) tBD. The stabilizer of a block in the automorphism groupM24 of the big Witt design is isomorphic
to AGL(4, 2) and it acts as a group of automorphisms on the tBD that is obtained by truncating the stabilized block. So, we
obtain the well known first tBD of the family of 5-(2n, {6, 8}, 1) designs found by R. M. Wilson.
From the 3-(qn+1, q+1, 1) designswhich exist for all prime powers q and integers n ≥ 2 one obtains by point truncation
3-(qn + 1− i, Ki, 1) 3-wise balanced designs for i = 1, . . . , q+ 1− 3 where Ki = {q+ 1, q+ 1− 1, . . . , q+ 1− (i+ 1)}.
Truncating by a block Theorem 2.2 yields the following result.
Corollary 2.3. Let q be a prime power and n ≥ 2 be an integer. Then there exists a 3-(qn−q, {q+1, q, q−1}, 1) 3-wise balanced
design.
For example, there exist 3-(56, {7, 8, 9}, 1), 3-(72, {8, 9, 10}, 1), and 3-(126, {24, 25, 26}, 1) tBDs.
There are further truncations that are not covered by Theorem 2.1. The small Witt design can be obtained by truncating
the big Witt design by certain 12 points.
One might try to truncate one of Denniston’s 5-(24, 6, 1) designs by a block to get a 5-(18, 6, 1) design. Such a design
would need 1428 blocks. The truncation by a block only yields 977 blocks of size 6 on 18 points and 451 blocks intersecting
the 18 points with size 5. These numbers easily follow from the intersection numbers of the Denniston designs. The two
numbers add up to the desired number of blocks, but the blocks of the second set have been reduced to only 5 points. So,
no 5-(24, 6, 1) design is obtained. In fact, Denniston [2] has claimed to have shown that no 4-(17, 5, 1) design with a non-
trivial automorphism group exists, and recently Östergård [13] announced that by computer search he has established that
no 4-(17, 5, 1) design exists. Thus, a 5-(18, 6, 1) design also does not exist.
There are a few cases of Steiner t-designs where a given intersection size i < t does not occur. For t ≥ 3 this
only happens for the big Witt design and its derived designs, see [5]. In all other cases all intersection sizes up to
t − 1 appear. So, we obtain for the truncation by two disjoint blocks of 3-(qn + 1, q + 1, 1) designs the following
result.
Corollary 2.4 (2-Block Truncation). Let q be a prime power and n ≥ 2 be an integer. If q > 6 then there exist 3-
(qn − 2q− 1+ i, {q− 3, q− 2, q− 1, q, q+ 1}, 1) 3-wise balanced designs for i = 0, 1, 2.
For example, there exist 3-wise balanced
3-(34, {4, 5, 6, 7, 8}, 1), 3-(35, {4, 5, 6, 7, 8}, 1), 3-(36, {4, 5, 6, 7, 8}, 1),
3-(47, {5, 6, 7, 8, 9}, 1), 3-(48, {5, 6, 7, 8, 9}, 1), 3-(49, {5, 6, 7, 8, 9}, 1),
3-(62, {6, 7, 8, 9, 10}, 1), 3-(63, {6, 7, 8, 9, 10}, 1), 3-(64, {6, 7, 8, 9, 10}, 1) designs.
The truncation by further points gives many other parameter sets from these.
There is another construction generalizing a result by Hanani [7] and McSorley, Soicher [11], that we will combine with
truncation. This construction may use and produce non-simple designs.
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Theorem 2.5. Let 1 ≤ t ≤ k ≤ k1 ≤ · · · ≤ ks be integers and D = (V ,B) be a t-(v, K , λ) tBD on the point set V with
K = {k1, . . . , ks}. For each ki assume a t-(ki, Ki, λi), where Ki is a set of block sizes, and denote
m = lcm{λ1, . . . , λs}, mi = m
λi
.
For each ki ∈ K let Bi = {B | B ∈ B, |B| = ki}. For each B ∈ Bi form a copy D(B) of the t-(ki, Ki, λi) tBD on the point set B.
Then the
B∗i = {D(B) | B ∈ Bi}
to the multiplicity mi form a block set
B∗ =
s⋃
i=1
mi ∗B∗i
of a, in general non-simple, t-(v,∪si=1 Ki,mλ) design.
Proof. For the proof, consider a t-set T . This T is contained in λ blocks of the designD . On any such block B of size ki choose
a copy of a t-(ki, Ki, λi) tBD and replace B bymi copies of the blocks of this tBD. So, B contributes
λi ·mi = m
blocks to the new design that contain T . Alltogether, T is contained in λ ·m blocks. 
If a design obtained fromTheorem2.5 is a Steiner system then this design is simple. The family of 3-(3n−1, {4, 8}, 1) tBDs
together with the trivial 3-(4, 4, 1) design that consists just of the point set and a 3-(8, 4, 1) design yields a family of Steiner
quadruple systemswith the parameters 3-(3n−1, 4, 1). There exist no 5-(8, 6, 1) designs such that this construction cannot
be applied to the 5-(2n, {6, 8}, 1) designs mentioned above. It would be necessary to find Steiner tBDswith such ki where a
5-(2n, ki, 1) design exists.
We also can insert a 3-(3n − 1, {4, 8}, 1) tBD into a 3-(qm + 1, q + 1, 1) design from Theorem 1.1 if q + 1 = 3n − 1 by
Theorem 2.5. This gives proves Corollary 1.2.
For all cases q+ 1 = v where a 3-(v, K , λ) has been found insertion yields a family of 3-(qn + 1, K , λ) tBDswhere n is a
positive integer.
Now we prove Corollary 1.3. For the first claim truncate a 3-(qn1, q1 + 1, 1) design by a block, Then there results a tBD
with block sizes q1 − 1, q1, q1 + 1. Truncating a 3-(qm2 + 1, q2 + 1, 1) design by up to 2 points we may replace each block
of the tBD by such a truncated design with the appropriate point size, such that Theorem 2.5 proves this claim.
The second claim is shown by truncating first by two blocks and then truncating the 3-(qm2 + 1, q2 + 1, 1) design by up
to 4 points. Again, Theorem 2.5 proves this claim.
Theorem 1.4 now is obtained in the following way. A truncation by i ≤ 2 points yields from a 3-(qn + 1, q + 1, 1)
design 3-(qn + 1 − i, {q − 1, q, q + 1}, 1) tBDs. Setting q2 = qn in Corollary 1.3 and using Theorem 2.5 we obtain 3-
(qnm − qm, {q− 1, q, q+ 1}, 1) tBDs. The remaining assertions are shown in Corollary 1.3.
We illustrate the results by some examples. A 3-(q+1− i, K , 1) design, where q = pf and i ∈ {0, 1, 2}, is used to replace
blocks in a 3-(qn − q, {q+ 1, q, q− 1}, 1) design.
For q = 49we first obtain 3-(72n−72, {48, 49, 50}, 1) tBDs. There exists a 3-(50, 8, 1) design which by point-truncation
gives 3-(49, {7, 8}, 1) and 3-(48, {6, 7, 8}, 1) tBDs. Inserting these designs we obtain 3-(72n − 72, {6, 7, 8}, 1) tBDs.
There is another recursive construction giving a 3-(4·v−2, 6, 1) design from a 3-(v, 6, 1) design, see [8]. The 3-(22, 6, 1)
design obtained from the big Witt design by derivation then yields a 3-(86, 6, 1) design. Applying truncations yields 3-
(85, {5, 6}, 1), 3-(84, {4, 5, 6}, 1), and 3-(80, {4, 5, 6}, 1) tBDs.
From small prime powers we obtain 3-(v, {5, . . . , 9}, 1) tBDs for all v ∈ {25, 26, 41, 42, 47, 48, 49, 50, 54, 55, 56, 61,
62, 63, 64, 65, 85, 86}, and 3-(v, {5, . . . , 10}, 1) tBDs for all v ∈ {25, 26, 41, 42, 47, 48, 49, 50, 54, 55, 56, 59, 60, 61, 62,
63, 64, 65, 69, 70, 71, 72, 78, 79, 80, 81, 82, 85, 86}.
3. Tables
From the Steiner systems discussed above we obtain the following table for small point sets.
Table of known Steiner tBD’s.
A table of Steiner tBD parameters with t > 2 and v < 101 summarizes the known results up to 100 points. Only
parameter sets with minimal K are listed. Steiner Quadruple System parameters are omitted. These are all 3-(6n+ d, 4, 1)
where n is a positive integer and d ∈ {2, 4}, see Hanani [7].
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Parameters Group Comment
4-(11, 5, 1) M11 derived
5-(12, 6, 1) M12 Witt [14]
4-(15, {5, 7}, 1) derived
5-(16, {6, 8}, 1) AGL(4, 2) block trunc of Witt-design
3-(17, 5, 1) 3-(qn + 1, q+ 1, 1)
4-(17, {5, 6}, 1) Tonchev
3-(22, 6, 1) M22 derived
4-(23, 7, 1) M23 derived
5-(24, 6, 1) PSL(2, 23) Denniston
5-(24, 8, 1) M24 Witt-design [14]
3-(24, {4, 5, 6}, 1) point trunc
3-(25, {4, 5}, 1) derived
3-(25, {5, 6}, 1) point trunc
3-(26, 5, 1) derived
3-(26, 6, 1) 3-(qn + 1, q+ 1, 1)
4-(26, {5, 6}, 1) point trunc
5-(27, {6, 7}, 1) point trunc
4-(27, 6, 1) derived
5-(28, 7, 1) PΓ L(2, 27) Denniston
3-(30, {4, 6}, 1) derived
3-(30, {4, 6, 14}, 1) derived
4-(31, {5, 7}, 1) Kramer
4-(31, {5, 7, 15}, 1) Kramer
5-(32, {6, 8}, 1) Wilson
3-(35, {4, . . . , 8}, 1) 2block trunc of 3-(50, 8, 1)
4-(35, 5, 1) derived
3-(36, {4, . . . , 8}, 1) 2block trunc of 3-(50, 8, 1)
5-(36, 6, 1) C2× PGL(2, 17)
3-(41, {5, . . . , 8}, 1) point trunc
3-(42, {6, 7, 8}, 1) block trunc of 3-(50, 8, 1)
3-(47, {5, 6, 7, 8}, 1) point trunc
4-(47, {5, 6}, 1) derived
3-(48, {6, 7, 8}, 1) point trunc
5-(48, 6, 1) PSL(2, 47) Denniston
3-(49, {7, 8}, 1) point trunc
3-(50, 8, 1) 3-(qn + 1, q+ 1, 1)
3-(54, {5, . . . , 9}, 1) point trunc
3-(55, {6, . . . , 9}, 1) point trunc
3-(56, {7, 8, 9}, 1) block trunc of 3-(65, 9, 1)
3-(60, {4, . . . , 9}, 1) point trunc
3-(61, {5, . . . , 9}, 1) point trunc
3-(62, {6, . . . , 9}, 1) point trunc
3-(63, {7, 8, 9}, 1) point trunc
4-(63, {5, 7, 31}, 1) Kramer
4-(63, {5, 7}, 1) Kramer
5-(64, {6, 8}, 1) Wilson
3-(64, {8, 9}, 1) point trunc
4-(65, {5, 6}, 1) Tonchev
3-(65, 5, 1) 3-(qn + 1, q+ 1, 1)
3-(65, 9, 1) 3-(qn + 1, q+ 1, 1)
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Parameters Group Comment
3-(70, {6, 7, 8, 9, 10}, 1) point trunc
3-(71, {7, 8, 9, 10}, 1) point trunc
4-(71, 5, 1) derived
3-(72, {8, 9, 10}, 1) block trunc of 3-(82, 10, 1)
5-(72, 6, 1) PSL(2, 71) Mills [12]
3-(77, {5, . . . , 10}, 1) point trunc
3-(78, {6, . . . , 10}, 1) point trunc
3-(79, {7, . . . 10}, 1) point trunc
3-(80, {8, 9, 10}, 1) point trunc
3-(81, {9, 10}, 1) point trunc
3-(82, 10, 1) 3-(qn + 1, q+ 1, 1)
4-(83, 5, 1) derived
5-(84, 6, 1) Denniston
3-(85, {5, 6}, 1) point trunc
3-(86, 6, 1) 3-(4 · 22− 2, 6, 1)
3-(95, {5, . . . , 12}, 1) point trunc
3-(96, {4, 5, 6}, 1) block trunc of 3-(4 · 26-2, 6, 1)
3-(96, {6, . . . , 12}, 1) point trunc
3-(97, {7, . . . , 12}, 1) point trunc
3-(98, {8, . . . , 12}, 1) 2block trunc of 3-(122, 12, 1)
3-(99, {8, . . . , 12}, 1) 2block trunc of 3-(122, 12, 1)
3-(100, {8, . . . , 12}, 1) 2block trunc of 3-(122, 12, 1)
By Theorem 2.1 we obtain many tBD’s from truncating t-designs. For example, the smallest known 7-designs are 7-
(20, 10, λ) designs for λ = 116, 124, 126, 134, see [3]. They yield 7-(19, {9, 10}, λ) and 7-(18, {8, 9, 10}, λ) tBD’s for these
values of λ. There exist other tBD’s with smaller values of λ that are not obtained by truncation from known t-designs. We
have constructed several of them using our software system DISCRETA [4] by prescribing a group of automorphisms.
Table of tBD’s
Group Parameters Set of λ values
PSL(2, 17) 7-(18, {8, 9}, λ) {9, 11}
PSL(2, 19) 7-(20, {8, 9}, λ) {4, 9, 10, 12}
PSL(2, 19) 7-(20, {9, 10}, λ) {60, 96, 98, 104}
PSL(2, 19) 8-(20, {9, 10}, λ) {12, 18, 24}
M22+ 5-(23, K , λ) {1, 3, 16, 17, 18, 19, 32, 33, 34,
K ⊆ {6, . . . , 11} 35, 36, 38, 39, 48, 49, 50, 51,
52, 53, 54, 55, 60, 61, 62, 64,
65, 68, 69, 70, 71, 76, 77, 78,
80, 81, 82, 83, 84, 85,
86, 87, 89, 90, 92, 93, 94,
95, 96, 98, 99, 100, . . .}
M23 5-(23, {6, 8}, 16)
M23 5-(23, {6, 11}, 18)
M24 7-(24, {8, 9}, 16)
M24 11-(24, {12, 13}, 12)
The Mathieu groupM24 is generated by
(0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22),
(2, 16, 9, 6, 8) (3, 12, 13, 18, 4) (7, 17, 10, 11, 22) (14, 19, 21, 20, 15),
(0, 23) (1, 22) (2, 11) (3, 15) (4, 17) (5, 9) (6, 19) (7, 13) (8, 20) (10, 16) (12, 21) (14, 18).
A 11− (24, {12, 13}, 12) design is obtained as a union of three block-orbits with the following representatives.
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11},
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{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12},
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 17}.
The groupM22+ isM22 with an additional fixed point, thus acting on 23 points. There are further tBD’s with larger values
of λ.
All designs in the tables are simple designs. So, we have a simple 11-designwith two different block sizes. It is known that
there also exists a non-simple 11-(24, 12, 6) design, seeMagliveras et al. [6]. It might be of interest to search for non-simple
tBD’s with large t and small values of λ.
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